Economics 511 Problem Set 23
Linear Second-Order Differential Equations
Answers

D. Primont April 2, 2009
1. Find the general solutions to the following differential equations.
(a) i+ by — 6y =36

r24+5r—6 = 0

(r+6)(r—1) =
—5+v25+24
Tr,ro = 2
=547 57
N 2 72
= 1,-6.

yp, = Cre % 4+ Chel
— - _6
a2

y(t) = Cre % + Che! — 6

y = —6016_6t+02€t
i = 36C1e % 4 Cye!

4§+ 5y — 6y
= 36C1e”% + Che’ +5 (—6C1e™" + Che’) — 6 (Cre™® + Che’ — 6)
= (36—-30—-6)Cre ™+ (1+5—-6)Coe' +36 =36

(b) 4+ 2y + 10y = 30
P 4+2r+10 = 0
—24+4-40 —2+6i
5 =

ry,ro = 5
= —1+3i,h=—-1,v=3

y(t) = e (Ay cos(3t) + Ay sin(3t)) + 3



y = —e '(Ajcos(3t) + Aysin(3t)) + e ' (—3A; sin(3t) + 345 cos(3t))
= e "[(343 — A;) cos(3t) + (—3A; — Ay) sin(3t)]
i = —e "[(3Ay — Ay)cos(3t) + (—3A; — Ay)sin(3t)]
+e ' [(3A4; — 945) sin(3t) + (—9A; — 3A,) cos(3t)]
= e "[(—8A; — 6A,) cos(3t) + (6A; — 8Ay) sin(3t)]

Y+ 2y + 10y

= ¢ "[(—8A; — 6A3) cos(3t) + (6A; — 8Ay)sin(3t)]
+2e7"[(3Ay — Ap) cos(3t) + (—3A; — Ay) sin(3t)]
+10 [e™" (A; cos(3t) + Az sin(3t)) + 3]

= 30 VvV

(€) §—4g+4y=4

P —4r+4 = 0
(r—27° = 0

y(t) = Cre® + Oyte® +1

g = 201€% +205te® + Che?
j = 401e* +40yte* + 2Cye* 4 2Cye
= 4C, €% + 4Cyte® + 4C5e*
§—4y+4y = 4C1e* + 40, te® + 4C0,e*
- (8Cle2t + 8C,te? + 40262t)
+4C1e? 4+ 4Cyte® + 4

=4 Vv
(d) §j— 3y =12
r?—=3r = 0
r(r—3) = 0
ri,re = (0,3)

yn = C1 + Coe™

Yp = Alt
yp = A



y(t) = C)+ Cye® — 4t
) 30,3 — 4

j 9C,e>!

12 v

y
y
9C5e* — 3 (3C,e™ — 4)

2. For parts (a) - (c) in question 1 determine the constants of integration given
the following initial values.

(a) y(0) =11,y(0) =3

y(t) = 016761‘/ + Czet —6
y,<t) = —6016761‘/ + Cget

y(O) = 11201+02—6
y'(0) = 3=—60C;+Ch

C;=2,Cy=15

y(t) = e "(Ajcos(3t) + Aysin(3t)) + 3
y(t) = —e (A cos(3t) + Aysin(3t))
+e " (—=3A; sin(3t)) + 3A; cos(3t)

y(0) = 6=A; +3
y'(0) = 9=—A; + 34,

A =34y =14

y(t) = 01€2t + CQtGZt +1
yl(t) = 20162t + 202t€2t + Cg@zt

y(O) = 2201+1
y'(O) = 4:201+CQ

01:1,02:2



3. Provide three examples of linear, second-order differential equations with con-
stant coefficients that result in 1) distinct real roots 2) repeated real roots and
3) complex roots. Then solve them.

A linear, second-order differential equation with constant coefficients has the
general form
J+ary+ay=>0

The roots of the characteristic equation
r? 4 air+a; =0

are given by
—a; + +/a? — 4ay
2
For distinct real roots choose a; and ay so that a% —4ay > 0.

T,y =

For repeated real roots choose a; and a, so that a% —4ay = 0.

For complex roots a; and as so that a% —4ay < 0.



